1. Compute the sum of all the roots of (2z + 3)(z — 4) + (22 + 3)(z — 6) = 0.
(A)7/2 (B)4 (¢)5 (D)7 (E)13

2. Cindy was asked by her teacher to subtract 3 from a certain number and then
divide the result by 9. Instead, she subtracted 9 and then divided the result
by 3, giving an answer of 43. What would her answer have been had she
worked the problem correctly?

(A)15 (B)34 (C)43 (D)51 (E) 138

3. According to the standard convention for exponentiation,

92% = 2(2 9) _ 916 = 65, 536.

If the order in which the exponentiations are performed is changed, how many
other values are possible?

(A)o (B)1 (¢)2 (D)3 (E)4

4. Find the degree measure of an angle whose complement is 25% of its supple-
ment.

(A)48 (B)60 (C)75 (D)120 (E) 150

5. Each of the small circles in the figure has radius one. The innermost circle is
tangent to the six circles that surround it, and each of those circles 1s tangent
to the large circle and to its small-circle neighbors. Find the area of the
shaded region.

(A) = (B) 157 (C) 2r (D) 3r (E) 3.57

6. For how many positive integers m does there exist at least one positive integer
n such that m -n < m+n?

(A) 4 (B) 6 (C) 9 (D) 12 (E) infinitely many




10.

11.

12,

. If an arc of 45° on circle A has the same length as an arc of 30° on circle B,

then the ratio of the area of circle 4 to the area of circle B is

wW: ®: © O ®,

. Betsy designed a flag using blue triangles (%), small white squares (), and a

red center square(M), as shown. Let B be the total area of the blue triangles,
W the total area of the white squares, and R the area of the red square.
Which of the following is correct?

(AYB=W B)YW=R (C)B=R (D)3B=2R (E)2R=W
Jamal wants to store 30 computer files on floppy disks, each of which has a
capacity of 1.44 megabytes (mb). Three of his files require 0.8 mb of memory
each, 12 more require 0.7 mb each, and the remaining 15 require 0.4 mb each.

No file can be split between floppy disks. What is the minimal number of
floppy disks that will hold all the files?

(A)12 (B)13 (C)14 (D)15 (E)16

Sarah pours four ounces of coffee into an eight-ounce cup and four ounces of
cream into a second cup of the same size. She then transfers half the coffee
from the first cup to the second and, after stirring thoroughly, transfers half
the liquid in the second cup back to the first. What fraction of the liquid in
the first cup is now cream?

(A)1/4  (B)1/3  (C)3/8 (D)2/5 (E)1/2

Mr. Earl E. Bird leaves his house for work at exactly 8:00 A.M. every morning,.
When he averages 40 miles per hour, he arrives at his workplace three minutes
late. When he averages 60 miles per hour, he arrives three minutes early. At
what average speed, in miles per hour, should Mr. Bird drive to arrive at his
workplace precisely on time?

(A)y45 (B)48 (C)50 (D)55 (E) 58

Both roots of the quadratic equation z? — 63z + k = 0 are prime numbers.
The number of possible values of k is

(A)O0 (B) 1 (C) 2 (D) 4 (E) more than four



13.

14.

15.

16.

17.

18.

Two different positive numbers a and b each differ from their reciprocals by
1. What is a + b7

(A)1 (B)2 (©)vs (D)vV6 (E)3

For all positive integers n, let f(n) = logyyyen?. Let

N = f(11) + f(13) + f(14).

Which of the following relations is true?

(AYN>1 (B)N=1 (C)1<N<2 (D)N=2 (E)N>2

The mean, median, unique mode, and range of a collection of eight integers
are all equal to 8. The largest integer that can be an element of this collection
is

(A)11  (B)12 (C)13 (D)14 (E)15

Tina randomly selects two distinct numbers from the set {1,2,3,4,5}, and
Sergio randomly selects a number from the set {1,2,...,10}. The probability
that Sergio’s number is larger than the sum of the two numbers chosen by
Tina is

(A)2/5 (B)9/20 (C)1/2 (D) 11/20 (E) 24/25

Several sets of prime numbers, such as {7,83,421,659}, use each of the nine
nonzero digits exactly once. What is the smallest possible sum such a set of
primes could have?

(A) 193 (B) 207 (C)225 (D)252 (E) 477

Let Cp and Cs be circles defined by

(x-10)* + 4% =36
and

(x + 15)? + ¢ = 81,

respectively. What is the length of the shortest line segment PQ that is
tangent to Cy at P and to Cs at @7

(A)15 (B)18 (C)20 (D)2l (E)24



19.

20.

21.

The graph of the function f is shown below. How many solutions does the
equation f(f(z)) = 6 have?

(-2,6)

(A)2 (B)4 ()5 (D)s (E)7

Suppose that a and b are digits, not both nine and not both zero, and the
repeating decimal 0.ab is expressed as a fraction in lowest terms. How many
different denominators are possible?

(A3 (B)4 (©)5 (D)8 (E)9

Consider the sequence of numbers: 4,7, 1,8, 9,7, 6, .... For n > 2, the nth
term of the sequence is the units digit of the sum of the two previous terms.
Let Sy, denote the sum of the first n terms of this sequence. The smallest
value of n for which S,, > 10,000 is:

(A) 1992  (B) 1999  (C) 2001 (D) 2002  (E) 2004

22, Triangle ABC is a right triangle with ZACB as its right angle, mZABC =

60°, and AB = 10. Let P be randomly chosen inside AABC, and extend BP
to meet AC at D. What is the probability that BD > 51/2?

B

C D A

(A)Q"f (B) 3 <c>3‘3‘/§’ (D) 3 (®) 2=/

5




23.

24.

25.

In triangle ABC, side ‘AC and the perpendicular bisector of BC' meet in
point D, and BD bisects LZABC. If AD = 9 and DC = 7, what is the area
of triangle ABD?

(A)14 (B)21 (C)28 (D) 14V5 (E) 28V5

Find the number of ordered pairs of real numbers (a, b) such that (a+57)2°°? =
a— bi.

(A) 1001 (B) 1002  (C) 2001 (D) 2002  (E) 2004

The nonzero coefficients of a polynomial P with real coefficients are all re-
placed by their mean to form a polynomial Q. Which of the following could
be a graph of y = P(z) and y = Q(z) over the interval —4 < z < 47

(A)

|

® (©)

® ot (E)




Solutions
1. (A) Factor to get (22 + 3)(2z — 10) = 0, so the two roots are —3/2 and 5, which
sum to 7/2.
2. (A) Let z be the number she was given. Her calculations produce

z—9

3

= 43,

S0
r—9=129 and 2z =138.

Th t i
e correct answer is 138 — 3

9

135
= — = 15.
9 5

3. (B) No matter how the exponentiations are performed, 22° always gives 16. De-
pending on which exponentiation is done last, we have

(22’)2 —256, 2(7) — 65,536, or (22)() =256,
so there is one other possible value.
4. (B) The appropriate angle z satisfies
90—z = %(180 —z), so 360—4zx=180-=z.
Solving for = gives 3z = 180, so z = 60.

5. (C) The large circle has radius 3, so its area is m - 32 = 97. The seven small
circles have a total area of 7(m-1%2) = 7x. So the shaded region has area
97 — Tm = 2m.

6. (E) When n = 1, the inequality becomes m < 1 4 m, which is satisfied by all
integers m. Thus, there are infinitely many of the desired values of m.

-3

. (A) Let C4 = 2wrR4 be the circumference of circle A, let Cp = 2nRp be the
circumference of circle B, and let L the common length of the two arcs. Then

45 30
36004 =L = 358



8. (A)

9. (B)

Solutions

heref
Therefore C'A__2 . 2__27rRA__RA
Cs 3

Thus, the ratio of the areas is

3~ 27Rg Rp

Area of Circle (4) 7R} (RA)Z 4

Area of Circle (B) = 7R ~ \Rp

=3

Draw additional lines to cover the entire figure with congruent triangles.
There are 24 triangles in the blue region, 24 in the white region, and 16
in the red region. Thus, B = W.

First note that the amount of memory needed to store the 30 files is
3(0.8) + 12(0.7) + 15(0.4) = 16.8 mb,

so the number of disks is at least

16.8 2
However, a disk that contains a 0.8-mb file can, in addition, hold only one 0.4-
mb file, so on each of these disks at least 0.24 mb must remain unused. Hence,
there is at least 3(0.24) = 0.72 mb of unused memory, which is equivalent to

half a disk. Since 0 )
(11""5) +§> 12,
at least 13 disks are needed.

To see that 13 disks suffice, note that:

Six disks could be used to store the 12 files containing 0.7 mb;

Three disks could be used to store the three 0.8-mb files together with three
of the 0.4-mb files;

Four disks could be used to store the remaining twelve 0.4-mb files.



10. (D)

11. (B)

12. (B)

13. (C)

Solutions

After the first transfer, the first cup contains two ounces of coffee, and the
second cup contains two ounces of coffee and four ounces of cream. After the
second transfer, the first cup contains 2 + (1/2)(2) = 3 ounces of coffee and
(1/2)(4) = 2 ounces of cream. Therefore, the fraction of the liquid in the first
cup that is cream is 2/(2 + 3) = 2/5.

Let t be the number of hours Mr. Bird must travel to arrive on time. Since
three minutes is the same as 0.05 hours, 40(¢ + 0.05) = 60(¢t — 0.05). Thus,
40t +2=60t—3, sot=0.25.

The distance from his home to work is 40(0.25+ 0.05) = 12 miles. Therefore,
his average speed should be 12/0.25 = 48 miles per hour.

OR

Let d be the distance from Mr. Bird’s house to work, and let s be the desired
average speed. Then the desired driving time is d/s. Since d/60 is three
minutes too short and d/40 is three minutes too long, the desired time must

be the average, so
d_1(d d
s 2\60 " 40/

This implies that s = 48.

Let p and ¢q be two primes that are roots of 2> — 63z + k = 0. Then
2’ —63z+k=(z-p)c—g) =2’ - (p+a)+p-q,

so p+¢ =63 and p-q = k. Since 63 is odd, one of the primes must be
2 and the other 61. Thus, there is exactly one possible value for k, namely
k=p- ¢g=2-61=122.

A number z differs by one from its reciprocal if and only if ¢ — 1 = 1/x or
z+1 = 1/z. These equations are equivalent to z>—~2—~1 = 0 and z2+z—1 = 0.
Solving these by the quadratic formula yields the positive solutions

1++5 ~1++v5

5 and 5

which are reciprocals of each other. The sum of the two numbers is /5.



Solutions

14. (D) We have

N = log,00s 112-+108,005 13% 108500 147 = logygge 117 - 132 - 142 = log,gg, (11 - 13 - 14)°.

Simplifying gives

N= 10g2002 (11 -13- 14)2 = 10g2002 20022 =2.

15. (D) The values 6, 6, 6, 8, 8, 8, 8, 14 satisfy the requirements of the problem, so the

16. (A)

17. (B)

answer is at least 14. If the largest number were 15, the collection would have
the ordered form 7, _, 8,8 _ , 15 But 7+8+8+15 = 38, and a mean
of 8 implies that the sum of all values is 64. In this case, the four missing
values would sum to 64 — 38 = 26, and their average value would be 6.5.
This implies that at least one would be less than 7, which is a contradiction.
Therefore, the largest integer that can be in the set is 14.

There are ten ways for Tina to select a pair of numbers. The sums 9, 8, 4,
and 3 can be obtained in just one way, and the sums 7, 6, and 5 can each
be obtained in two ways. The probability for each of Sergio’s choices is 1/10.
Considering his selections in decreasing order, the total probability of Sergio’s
choice being greater is

L 1+—9—+§+—6—+i+—2-+1+0+0+0 _2
10 10 110 10 10 " 10 10 5

First, observe that 4, 6, and 8 cannot be the units digit of any two-digit prime,
so they must contribute at least 40+60+80 = 180 to the sum. The remaining
digits must contribute at least 1 +2+3+5+7+9 = 27 to the sum. Thus, the
sum must be at least 207, and we can achieve this minimum only if we can
construct a set of three one-digit primes and three two-digit primes. Using
the facts that nine is not prime and neither two nor five can be the units
digit of any two-digit prime, we can construct the sets {2,3,5,41,67,89},
{2,3,5,47,61,89}, or {2,5,7,43,61,89}, each of which yields a sum of 207.




18. (C)

19. (D)

20. (C)

21. (B)

Solutions

The centers are at 4 = (10,0) and B = (—15,0), and the radii are 6 and 9,
respectively. Since the internal tangent is shorter than the external tangent,
PQ intersects AB at a point D that divides AB into parts proportional to
the radii. The right triangles AAPD and ABQD are similar with ratio
of similarity 2 : 3. Therefore, D = (0,0), PD = 8, and @D = 12. Thus
PQ = 20.

m m
D A(10, 0)

—-15,0
P

The equation f(f(z)) = 6 implies that f(z) = —2 or f(z) = 1. The horizontal
line y = —2 intersects the graph of f twice, so f(z) = —2 has two solutions.
Similarly, f(z) = 1 has 4 solutions, so there are 6 solutions of f(f(z)) = 6.

Since 0.ab = g%, the denominator must be a factor of 99 = 32 - 11. The
factors of 99 are 1, 3, 9, 11, 33, and 99. Since a and b are not both nine, the
denominator cannot be 1. By choosing a and b appropriately, we can make
fractions with each of the other denominators.

Writing out more terms of the sequence yields
4,7,1,8,9,7,6,3,9 2,1,3,4, 7, 1....

The sequence repeats itself, starting with the 13th term. Since Sy3 = 60,
Siax = 60k for all positive integers k. The largest k for which Sy < 10,000

* 10,000
k= l 3

and Si2.166 = 60 - 166 = 9960. To have S, > 10,000, we need to add enough
additional terms for their sum to exceed 40. This can be done by adding the

next 7 terms of the sequence, since their sum is 42. Thus, the smallest value
of nis 12 -166 + 7 = 1999.

j = 166,



Solutions 2002 5374 AMC 12 A 1

22. (C) Since AB is 10, we have BC = 5 and AC = 5v/3. Choose E on AC so that
CE = 5. Then BE = 5v2. For BD to be greater than 5v/2, P has to be
instde AABE. The probability that P is inside AABE is

Areaof AABE 1EA-BC EA 5/3-5_V3-1_ 3-8

Area of AABC ~ LCA-BC ~ AC 53 V3 3

23. (D) By the angle-bisector theorem, —%—g = $. Let AB = 9z and BC = Tz, let
mL{ABD = m{CBD = 6, and let M be the midpoint of BC. Since M is on
the perpendicular bisector of BC, we have BD = DC = 7. Then

-J lmlgl

z
g = —.
cos 5

A C
9 D 7

Applying the Law of Cosines to AABD yields

9% = (92)% + 72 — 2(92)(7) (3) )

from which z = 4/3 and AB = 12. Apply Heron’s formula to obtain the area

of triangle ABD as v14-2-5 -7 = 14v/5.

24. (E) Let z = a + bi, 7 = a — bi, and |z| = Va? + b?. The given relation becomes
22002 = 7. Note that

]Z]2002 —

002) = J2] = |e],

|z



Solutions 2002

24. (E) Let z = a + bi, 7 = a — bi, and |z| = Va? + b?. The given relation becomes
22002 = 7. Note that

]Z]2002 - !22002| —_ |;,:-I - |z|’

from which it follows that
|z| (|2|°°* — 1) = 0.

Hence |z| = 0, and (a,b) = (0,0), or |z] = 1. In the case |z| = 1, we have
22992 = 7, which is equivalent to 2%0°% = z. z = |z|? = 1. Since the equation
22903 = 1 has 2003 distinct solutions, there are altogether 1 + 2003 = 2004
ordered pairs that meet the required conditions.

25. (B) The sum of the coefficients of P and the sum of the coefficients of Q will
be equal, so P(1) = @Q(1). The only answer choice with an intersection at
¢ = 1is (B). (The polynomials in graph B are P(z) = 2z* — 322 — 3z — 4 and
Q(z) = —2z* — 222 — 22— 2.)
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