Theta Team Solutions

Gainesville Invitational, 2007

1. The first and third limit it to {-2,-1,0,1,2,3,4,5}, the second limits it to 

{-2,-1,0,1,2,3}. Hence there are 6 integer values of x. 6

2. A is 1/2, since the even and odd sums are equal in number.

 B is P(at least one of the dice is even), or equivalently, 1 - P(both of the dice are odd). P(both dice are odd) = (1/2)(1/2) = 1/4, so B = 3/4.  C and D must sum to be 1.  So A+B+C+D = 9/4.

 3. A = f(1) = 198 B = f(50) = 100  C = 50(100+198)/2 = 50*149 = 7450  So A+B+C = 7748.

4. The solution is in the form of a rectangle with vertices (1, 2), (5,-2), (3, -4), (-1,0).  Hence the area is 
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32.
5. The top left number can't be 1 or 3 since they are both in that row, and can't be 4 since it is in the same column, so the top-left number must be 2 (*). The last element of the top-left box must be 3 since that's the only digit not already in that box. The top-right number must be 4 since that's the only other number in the row. The bottom-left number in the top-right box must be a 1 since 3 and 4 are already in the row and 2 is in the column. The bottom-right number in the top-right box must be a 2 (*) since it's the only remaining number in the row and box. The top-left number of the bottom-right box must be a 4 (the only number left in the column) and the top-right number in that box must be a 3 (*), since that's the only remaining number in the box and column. Looking at the bottom-left box, the top-left number must be a 1, since 3 and 4 are already in the row and 2 is already in the column. The top-right number must be 2, the only number left in the row. The bottom-left number is 3, the only number left in the column. Finally, the bottom-right number is 4 (*), the last number in the row, column and box.  The *'d numbers add up to 2 + 2 + 3 + 4 = 11.

6. A... all the units digits of each of the four terms are the same, and even, so five times and even number must end in a 0, so A=0.

B... all the units digits of each of the four terms are the same, so when you add and then subtract them, the unit digit will be 0, so B=0.

C... similar argument as B, except you have to consider a very very large positive number ending in 0 minus 62007.  Luckily, 6 to any power ends in a 6, and when you're subtracting something that ends in a 6, and the final result is positive, the units digit will be 10-6 = 4. So C=4.

D... All factorials greater than 4! end in a 0 (since they include a 5 and a 2), so the sum must also end in 0. Hence, D=0.

A+B+C+D = 4.

7. Consider the functions two at a time:

f(x) = g(x) → x2 = x - 2 → x2 - x + 2 = 0 which has no solutions in the real plane.

f(x) = h(x) → x2 = 1 → x = 1,-1 which corresponds to the points (-1,1) and (1,1)

f(x) = i(x) → x2 = 2 - x → x2 +x-2 = 0 → x=1,-2 which are the points (1,1) and (-2,4)

g(x) = h(x) → x - 2 = 1, x=3, which is the point (3,1)

g(x) = i(x) → x - 2 = 2 - x → 2x = 4 → x=2, the point (2,0)

h(x) = i(x) → 1 = 2 - x → x = 1, the point (1,1)

The unique points are (-1,1), (-2, 4), (1,1), (2,0), (3,1). The average x coordinate is (-1+-2+1+2+3)/5 = 3/5.

8. 
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You can see from this crude drawing that the area needs to be split up into six sections: two big sectors of radius 8, the triangle between them, two sectors of radius 4, and a sector of radius 2. Note that since the two 8-radius sectors and the two 4-radius sectors are symmetric, we only need to calculate one of each. To figure out the angle of each sector, first note that the small right triangle next to each arc is a 45-45-90 triangle, so the two big arcs must have an angle of 45 degrees. Hence the area of each big sector is π(82)(45/360) = 8π.  The angle of the 4-radius sector must also be 45 degrees (since, among other reasons, the 45 from the triangle, the 90 from the side of the shed, and the angle of the sector must add up to 180). Hence, the medium sectors have area π(42)(45/360) = 2π. The small sector has radius 2 and an angle of 90 degrees, so its area must be π(22)(90/360) = π. The triangle has a height of 2√2 and a width of 4√2, so its area must be (2√2)(4√2)/2 = 8. Hence, the total area is 8π + 8π + 2π + 2π + π + 8 =    21π + 8.

9. A... Take the total number of letters factorial, then divide by the number of times each letter appears factorial. So A=11!/(1!5!2!2!). For now we won't calculate this. B... this will be similar but instead the word we have is xxxyy so there are (5!)/(3!2!) times (-2)2 so B = 40. C… Same as in A but this time C = 11!/(1!4!4!2!). Hence A/C = 12/5. Then  the answer is (12/5)(40)= 96

10. A... This is equivalent to asking f(0) = A. f(0) = 1 - log(10) = 0, so A=0.

B... Similarly, we say g(B) = 2. g(B) = 2B-4 = 2, and solving for B gives B=3.

C... By definition of inverse functions, f(f-1(x)) = x. So C=4.

0+3+4=7.

11. A... log(4) = log(22) = 2log(2) = 2x.

B... log(70/27) = log(70) - log(27) = log(10) + log(7) - log(33) = 1 + z - 3y.

C... log3(2) = log(2)/log(3) = x/y

D... log(15) = log(30/2) = log(30) - log(2) = log(10) + log(3) - log(2) = 1 + y - x
A/C + B + D = 2x*(y/x) + 1 + z - 3y + 1 + y - x = 2y + 1 + z - 3y + 1 + y - x = 2 - x + z

12.
I - true. Logarithm addition law.
II - true. Multiplication cancellation law (derived from Multiplicative property of equality).

III - true. The probability of an event occuring or not occuring is always 100% or 1.
IV - false. It's a “quartic” polynomial. Quadratics are degree 2.
V - true. Fundamental theorem of algebra.
VI - false. An odd times and odd is odd. An odd plus an odd is even.

Total: 4.

13. A = {4,16} - Y = {16}
B = {4,6,8,10,12,14} ∩ Z = {12,14}

C = {1}

D = X - {1,4,5,6,7,8,9,10,11,12,13,14,15,16} = {2,18,20}

The union of A, B, C and D is {1,2,12,14,16,18,20}, whose sum is 83.

14. Because A, B and C repeat recursively and infinitely, any one of the inner repetitions can be thought of as the whole thing.
A = √(2 - A) → A2 = 2 - A → A2 + A - 2 = 0 → A=1,-2, but clearly A can't be negative, so A=1.

B = 1+1/B → B2 = B + 1 → B2 - B - 1 = 0 → B=(1+√5)/2 (since it has to be positive).

C = log(2C) → C = C log(2), which is only true if C=0.

D is a geometric series, with first term 2/3 and ratio 1/3. Hence, D = (2/3)/(1-1/3) = 1.

We want A*D - B*C = 1*1 - B*0 = 1.

15. Solve B+D=11, D+H=13 and H+B=8 simultaneously to get B=3, D=8 and H=5. Then use CH + BC = (10C+5) + (30+C) = 57 to get C=2. Finally, solve EJ + HD = (10E + J) - 58 = 16 and BJH + CHE = (300+10J+5) - (200+50+E) = 88 simultaneously to get J=4 and E=7. Hence, E corresponds to 7.
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