Theta Individual Solutions

FAMAT March Invitational, 2007

1. Using the quadratic formula or factoring it as (x-1)(x-4)=0, we see x={1,4}. D

2. Since it repeats infinitely, you say a = √(2 + a), where you get a2 = 2 + a, and moving everything over to the other side, you get (a-2)(a+1) = 0. However, a can't be -1 because squareroots are always positive, so the answer is 2. C

3. If f(x) is a polynomial, it must look like one of the following: a, ax+b, ax2+bx+c. Without too much experimentation, you can see that when you do f(f(x)), the degree gets squared-- since a(axn + ...)n = a1+nxn^2 + ... . Keeping this in mind, f(x) must be a quadratic, i.e. f(x) =  ax2+bx+c. Since there's only three constants to solve for, we only need to match up 3 coefficients (instead of all 5) to their expressions in terms of a, b and c. The simplest is x4 = a3x4, so a=1. The next simplest is 6x3 = 2a2bx3 = 2bx3, so b=3. Finally, we can pick any other term, but the easiest one to deal with is probably

3x = (b2 + 2abc)x = (9 + 6c)x, which gives us c = -1. If you wish to, you can verify the other coefficients also work. Hence, f(x) = x2 + 3x - 1 and f(2) = 9. B

4. Rewrite it as 
[image: image1.wmf] = log(2)log(5). A

5. Since this quadratic never intersects the x-axis, the shortest distance to it will occur at the vertex.  This is when x = -b/2a = 2.  Plugging in 2 yields y = 4 – 8 + 5 = 1. E
6. I is the least (since fractional bases to high exponents get very small very fast), and IV is the second least (since it's the only other number between 0 and 1). The hard decision is between II and III. The trick is to rewrite II as (1.12)10 = (1.21)10, which is just a little bit more than III. So the final order is I, IV, III, II. B 

7. There are many ways to do this. The easiest is factoring it as: (Ψ - 6)(Ψ - 11) = 0 and getting Ψ = {6,11}. From there, 5x - 4 = {6,11} so x = {2,3} and the product is 6. C

8. First, complete the square on the circle: (x2 - 4x + 4) + (y2 + 6y + 9) = 12 + 4 + 9, so the circle is (x - 2)2 + (y + 3)2 = 52. Note that only the radius 5 is important to us. Since the minimum distance between P and C is 7, then the distance from P to the center of C will be 7+5 = 12. Tangent lines create a right angle with their circles, so the center of C, P and T create a right triangle, with CP as the hypotonuse. As before, CP = 12, CT = 5 (since CT is just a radius), so PT, the other leg of the triangle, must be 
[image: image2.wmf]C

9. Turn this into an equation like so: x = 2x - 12. Hence -x = -12 and x = 12. D
10. 
[image: image3.wmf] C
11. This is simply a geometric sequence with ratio 1/(1+i) = 1/2 - i/2. The next term is then (3+i)(1/2-i/2) = 2 - i. B
12. This occurs when the exponent is 0 OR when the base is 1 OR when the base is -1 AND the exponent is even. We must try each case. Solving for exponent=0 we get x = {-4, -2} (we must also double check that the base is not also 0, but this does not occur). Solving for base=1, we get x = {1,4}. Solving for when base=-1, we get x = {2,3}. However, 3 does not work because the exponent is odd. Thus, all of the solutions are  {-4, -2, 1, 2, 4} which sum to 1. C
13. 
[image: image4.wmf]D
14. Using counting methods on the digits: there are 4 possibilities for the 10s digit (2,4,6,8) and 5 possibilities for the 1s digit (0,2,4,6,8), so there are 4*5 = 20 total possibilities. B
15. This is really logx(100!) = 1. Transforming this into an exponent: x1 = 100!. D
16. This would normally be difficult and time-consuming. However, this represents the solutions to the system of equations 2x+3y+z=4, x+y+z=4 and 5x+2y-4z=-4. The sum of the elements in the resulting matrix would be the sum of x, y and z, which is 4 from the middle equation. B
17. To do this, note that if the terms are a1, a2... and s(n) = a1 + a2 + ... + an, then s(100) =  a1 + a2 + ... + a98 + a99 + a100 and s(99) =  a1 + a2 + ... + a98 + a99. Hence, s(100) - s(99) = a100. s(100) = 9600, s(99) = 9405, so a100 = 195. A
18. To find 
[image: image5.wmf] switch x and y in g(x) hence x =  2y – 3, solving for y yields 
[image: image6.wmf] . D
19. Solve for 1/a and 
[image: image7.wmf] like any normal linear equation to find that 1/a = 2 and
[image: image8.wmf]. Hence a = 1/2 and b = 36. ab = 18. D
20. Let Group A be person 1. Let Group B be persons 2 and 3, Group C be 4,5,6, Group D be 7,8,9,10 and Group E be 11,12,13,14,15. Since everybody in a given group has to sit together, they can be thought of as a single entity. Thinking of only these 5 groups, there are 5! ways you can rearrange them. Inside of the groups (not considering anything outside a given group), there is 1! ways group A can sit, 2! ways group B can sit, ... 5! ways group E can sit. Hence, there are 5! ways to order the groups and 1!2!3!4!5! ways the people in the groups can be ordered, so there is a total of 2!3!4!5!5! orders. C
21. No two consecutive fibonacci numbers have any common factors. This is not obvious at first, but through minimal experimentation one can figure this out. You could just simply calculate F11 and F12, but this becomes tedious, especially without a calculator. Hence, the gcd of F15 and F16 is 1. A
22. Factor (x-2) out of x3 - 8 to get x3 - 8 = (x-2)(x2 + 2x + 4).  x2 + 2x + 4, after checking the discriminant 
[image: image9.wmf],  doesn't factor over the reals so it has the nonreal roots. The sum of it's roots (-b/a) is -2. Another way to do this is to note that 2 is the only real root of x3 - 8, and say the sum of all the roots is 0, so if the sum of the nonreal roots is r, then 2 + r = 0, and r = -2. A
23. The trick to this is to realize that this situation is equivalent to the hair running at a constant rate of 3m/s in a single direction for the same amount of time as it takes for the tortoise to reach the wall. So if we know how long it takes, we can multiply that by 3m/s  to get the total distance. To solve for the tortoise, we use d = rt and get 17 = .1t, or t = 170. Hence, the tortoise goes 3(170) = 510 m. D
24. Pages 1-9 contain one “1”. Pages 10-19 contain 11 1's. Pages 20-99 contain 8 more 1's (total: 20). Pages 100-199 contain 120 more 1's (20 from the last two digits, 100 from the hundreds digit, total: 140). Pages 200-299, 300-399 each have another 20 digits each (total: 180). The next ten 1's come from 401, 410, 411, 412 (total: 185), 413, 414, 415, 416, 417 (total: 190). The book contains exactly 417 pages. B

25. Evaluate the determinant using the minors method.  Start along the third column:


[image: image10.wmf]= 0 - 2 
[image: image11.wmf] + 0 - 0 = -2(0 - 3
[image: image12.wmf] + 0) = -2(-3(2(3)-5(1))) = 6 D
26. Can’t divide by zero so when x = -3, the function has a vertical asymptote, so x = -3 E
27. The probability that a day is monday (randomly) is 1/7, and the probability is rains is 7/20, so the probability it did both is (1/7)(7/20) = 1/20. A 

28. Convert everything to base-16. Powers of a base can be computed as follows: since 24 = 16, you can group 4-digits at a time in base 2 to figure out what their base-16 digit is. 11 01102 = (2+1) (4+2) = (3)(6) = 3616. Similarly, group 2 digits in base-4 to get their base-16 representation: 1 324 =  (1) (14) = 1E16. Now that everything is in base 16, you can do the same addition you're familiar with, but you carry over 16's, not 10's. 36 + 1E + A3 = __9 (with a 1 carried over in the 16's place) = 89. B
29. The center must be at the midpoint of line segment and the diameter must be the length of the line segment. The midpoint is ( (1+9)/2 , (2+8)/2 ) = (5 , 5) and the length is 
[image: image13.wmf]Hence the radius is 5, and the equation (x-h)2 + (y-k)2 = r2 becomes (x-5)2 + (y-5)2 = 25. C

30. The nth even number can be calculated by 2n (you can verify this definition matches up with the first even number being 2, the second being 4, etc). The 75th is then 2(75) = 150. C
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