       FINALS XVI 1996-97

1. Team A and Team B each play 20 games. Team A plays 12 games against conference teams and 8 games against nonconference teams. Team B plays 8 games against conference teams and 12 against nonconference teams. Team A wins a higher percentage of conference games than team B and also team A wins a higher percent of nonconference games than team B but  team B wins more total games than team A.

      (a) Show by an example that this is possible even if each team wins at least one conference and one nonconference game.

      (b) In (a) find all possible cases in which each team wins at least two  conference games and two nonconference games.

2. John has initially $x. He gives person P1 half of his amount plus 50 cents. He then gives person P2 half of his remaining amount plus 50 cents. Continuing he gives persons P3,P4,...,Pn each half of his remaining amount plus 50 cents. After the gift to person Pn he has no money remaining.

      (a) Find x if n = 3; if n = 4.

      (b) Find x in terms of n for an arbitrary n.

      (c) For n arbitrary find a formula for the amount each person Pk, 1 ( k ( n receives.

      (d) Using the results of (b) and (c) find x if n = 10 and in this case the amount that  person P7  receives.

3. Let A,B,C be vertices of an isosceles triangle with side AB of length  8 and sides AC,BC each of length 5. Find the radius of the inscribed circle of the triangle.

4.  Urn I and urn II each contain only black and white balls, at least one of each. Urn I has M total balls and urn II has N total balls. A ball is drawn at random from each. The probability both drawn balls are white is w. Let x be the number of white balls originally in urn I.  In the parts below give all possible values for x.

    (a) If M = 10, N = 16 and w = 1/4

    (b) If M = 10, N = 16 and w = 1/2

    (c) Describe a general method for finding all possible values for x given values for M,N, and w (you may assume w is a rational number).

    (d) If M = 40, N = 16 and w = 3/8 find all possible values for x. 

    (e) If M = 84, N = 90 and w = 1/3 find all possible values for x.

5. Let x be a positive integer and S(x) = {y: y is a positive integer and 
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 is an integer}.

    (a) Find S(4), S(5) and S(6)  (You should not only find the numbers in these sets but also show there are no others).

   (b) Show that for each x > 1, S(x) is not empty.

   (c) Give an algorithm for finding S(x).

   (d) Determine the values of x for which S(x) has exactly one element.

   (e) Using your algorithm in (c) find S(12).
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